It is well-known that in every r-coloring of the edges of the complete bipartite graph K m,n there is a monochromatic connected component with at least m+n r vertices. In this paper we study an extension of this problem by replacing complete bipartite graphs by bipartite graphs of large minimum degree. We conjecture that in every r-coloring of the edges of an (X, Y )-bipartite graph with vertices (as in the complete bipartite graph). If true, the minimum degree condition is sharp.
vertices (as in the complete bipartite graph). If true, the minimum degree condition is sharp.
We prove the conjecture for r = 2 and we prove a weaker bound for all r ≥ 3. As a corollary, we obtain a result about the existence of monochromatic components with at least n r−1 vertices in r-colored graphs with large minimum degree.
Introduction, results
We let V (G) and E(G) denote the vertex-set and the edge-set of the graph G, e(G) = |E(G)|. N G (v) is the set of neighbours of v. Hence |N G (v)| = deg G (v), the degree of v. If G is an (X, Y )-bipartite graph, then the minimum degree from X to Y (from Y to X) is denoted by δ G (X, Y ) (δ G (Y, X)). Furthermore, the average degree from X to Y , deg G (X, Y ), is the average of the degrees in X, i.e.
v∈X deg G (v)/|X| and similarly for deg G (Y, X). We may omit the subscript G if it is clear from the context. Given There are many results about monochromatic connected components of edge colored graphs and hypergraphs (see the surveys [3] , [4] , and [8] ). For example, the following is well-known. Theorem 1.1 ([5] ). In every r-edge coloring of a complete graph on n vertices there is a monochromatic connected component of order at least n r−1
.
In this paper connected components of a graph are just called components and in edge-colored graphs monochromatic components are the components of the graph defined by the edges of the same color.
Recently there has been significant interest in extending Theorem 1.1 to noncomplete host graphs (e.g. [1] , [2] , [6] , [7] , [12] ). In particular, in [7] the authors studied the extension of Theorem 1.1 to r-edge colored graphs of large minimum degree.
In the case where the host graph is a complete bipartite graph (see [3, Section 3 .1]) the following result provides an analogue of Theorem 1.1.
Theorem 1.2 ([5]).
In every r-edge coloring of the edges of K m,n there is a monochromatic component with at least m+n r vertices.
Mubayi [11] and Liu, Morris, and Prince [10] obtained independently a stronger result with a clever application of the Cauchy-Schwarz inequality: one can require that the monochromatic component in Lemma 1.2 is a double star (a tree obtained by joining the centers of two disjoint stars by an edge).
Here we address the natural combination of the above two problems and we study the largest monochromatic component in an r-edge colored bipartite graph of large minimum degree. 
vertices (as in the complete bipartite graph)?
First we provide an answer for r = 2.
n and δ(Y, X) > 
vertices.
We make the following conjecture for general r. 
The bound in Conjecture 1.5 cannot be improved when m and n are divisible by (r + 1). Consider a 1-factorization of the complete bipartite graph K (r+1),(r+1) with partite sets X ′ and Y ′ where the edges coming from the i-th matching, 1 ≤ i ≤ r, are colored with color i and the edges coming from the (r + 1)-st matching are removed. Replace each vertex in X ′ with a set of t 1 points (resulting in X), each vertex in Y ′ with a set of t 2 points (resulting in Y ), and each edge of color i with a complete bipartite graph K t 1 ,t 2 of color i. The bipartite graph obtained has m + n = (r + 1)t 1 + (r + 1)t 2 vertices, it has minimum degrees δ(X, Y ) = 1 − m, yet the largest monochromatic component has size only m+n r+1
. Thus if Conjecture 1.5 is true, there is a jump in the size of the largest monochromatic component just below the given minimum degree threshold.
At the moment, we are only able to prove the following weaker version of Conjecture 1.5. It is interesting to note that while there is a monochromatic component of the same size as in the complete bipartite graph, we can no longer guarantee that this component is a double star. Indeed, assume that m and n are divisible by r and consider a 1-factorization of the complete bipartite graph K r,r with partite sets X ′ and Y ′ , where the edges coming from the i-th matching in the 1-factorization, 1 ≤ i ≤ r, are colored with color i. Let 2 ≤ t 1 ≤ t 2 be positive integers and replace each vertex in X ′ with a set of t 1 points (resulting in X), each vertex in Y ′ with a set of t 2 points (resulting in Y ), and each edge of color i with a complete bipartite graph K t 1 ,t 2 of color i from which we remove a matching of size t 1 . The bipartite graph thus obtained has m+n = rt 1 +rt 2 vertices, it has minimum degrees δ(X, Y ) = n−r and δ(Y, X) ≥ m−r, and the largest monochromatic component still has size m+n r as claimed; however, the largest monochromatic double star only has size at most t 1 − 1 + t 2 = m+n r − 1. Another natural way to answer Question 1.3 is to consider an "additive" minimum degree condition; that is, a lower bound on δ(X, Y ) + δ(Y, X). We prove the following result for two colors; however, we don't believe this degree condition to be best possible. 
Graphs with large minimum degree
In [7] , the authors conjecture that for all r ≥ 3, if G is a graph on n vertices with δ(G) ≥ (1 − r−1 r 2 )n, then in every r-coloring of the edges of G, there is a monochro-matic component on at least n r−1 vertices. Our results for bipartite graphs have some consequences for the graph case.
We first obtain the following corollary of Theorem 1.6 which improves the bound of (1 − 1 1000(r−1) 9 )n given in [7] . 
So we have We also obtain the following corollary of Theorem 1.7 which improves the bound of 9n/10 given in [7] (with a different method of proof). We prove Theorem 1.4 in Section 2, we prove Theorem 1.6 in Section 3, and we prove Theorem 1.7 in Section 4.
Two colors
Proof of Theorem 1.4 
m and consider an arbitrary red/blue coloring of the edges of G.
Let H 1 be the largest monochromatic, say blue, component. Let
If y 1 ≤ n/3, then every pair of vertices in X 1 has a common red neighbor in Y 2 and every vertex in X 1 has more than n/3 red neighbors in Y 2 , giving us a red component with more than x 1 + n/3 ≥ x 1 + y 1 vertices; so we have y 1 > n/3. Likewise, we have . Likewise if y ′ 1 ≥ 2n/3. Note that the Claim implies that we are done unless every vertex is incident with at least one edge of each color, so suppose this is the case for the remainder of the proof. Also note that for the rest of the proof, if we have at most two monochromatic components covering all of V (G), then we are done since at least one of them has at least m+n 2 vertices. Since x 1 > m/3 and y 1 < 2n/3, every vertex in Y 2 has a red neighbor in X 1 and every vertex in X 1 has a red neighbor in Y 2 , so there are red components R 1 , . . . , R k in G which cover all of Y 2 ∪ X 1 . Likewise, since y 1 > n/3 and x 1 < 2m/3, there are red
this will necessarily be the case).
Suppose first that ℓ = 1. Of course we must have k ≥ 2 otherwise there would be at most two red components covering all of G and we are done. Let , there are at most two red components in G covering all of V (G) and we are done; so suppose not. Since every pair of vertices from Y ′ 2 in different red components R i and R j have more than m/3 common neighbors, all of which must be in X 2 (they have no blue edges to X 1 and they are in distinct red components), all of these common neighbors are blue and thus there is a blue component 
Thus every vertex in X 1 has a (necessarily) red neighbor in N R (u) ∪ N R (u ′ ) which implies that there are at most two red components in G covering X ∪ Y 1 . Finally, since every vertex in Y 2 has a red neighbor in X 1 , this implies that there are at most two red components in G covering all of V (G) and we are done. The proof for k = 2 is analogous.
Finally, suppose k ≥ 3 and ℓ ≥ 3.
which implies
and
Since k ≥ 3 and ℓ ≥ 3, (1) and (2) imply
3 r colors
Stability
Our starting point is a density version of Theorem 1.2. The next tool will be a stability version of this lemma, i.e. either we have a slightly larger double star than guaranteed by Lemma 3.1 or we have strong structural properties in G, namely apart from a small number of exceptional vertices all vertices have degrees close to the average degree. (ii) (a) For all but at most α 1/3 m exceptional vertices x ∈ X we have
(b) and for all but at most β 1/3 n exceptional vertices y ∈ Y we have
Proof. Suppose e(G)
, but (i) does not hold. So by Lemma 3.1 we have
Suppose that k X vertices x ∈ X satisfy deg(x) ≤ deg(X, Y ) − α 1/3 n and suppose that k Y vertices y ∈ Y satisfy deg(y) ≤ deg(Y, X) − β 1/3 n. Denote the vertices in X by x 1 , x 2 , . . . , x m , where x 1 , . . . , x k X are the exceptional vertices. Likewise, denote the vertices in Y by y 1 , y 2 , . . . , y n , where y 1 , . . . , y k Y are the exceptional vertices.
We will use the "defect form" of the Cauchy-Schwarz inequality (as in [13] or in [9] ): if
Analogously, we have
Note that
Then the average size of a double star in G can be estimated as follows
where the last inequality holds by (5) and (6) . Now if
a contradiction with the fact that (i) does not hold. So k X < α 1/3 m and k Y < β 1/3 n and thus (ii) holds.
From Lemma 3.2 we can prove our main lemma. Note that this lemma is very similar to the main lemma (Lemma 2.2) in [7] , but the proof is vastly simplified here and gives a slightly better degree estimate. (ii') There are r components C 1 , C 2 , . . . , C r such that for each 1 ≤ i ≤ r we have the following properties: 
Suppose there are r + 1 vertices from X ′ , every pair of which are in a different component. Since
Where the second inequality holds since δ ≤
. Furthermore, by (7) we have
and thus (r + 1)(
which in turn is true if
which is true by (7) .
which is true by (7). Finally, note that if there were fewer than r components, then (d)−(e) would imply that there is a component of size at least
contradicting (a). So there are exactly r components. 
Large monochromatic component
Indeed, otherwise the number of edges in G would be less than
Using (9), we can apply Lemma 3.3 for each G i , 1 ≤ i ≤ r with δ i = γ i , α i = m+n r 2 n δ i , and β i = m+n r 2 m δ i . Since δ i ≤ rγ by (9) and since m/n ≤ 1, we have
and thus the conditions of Lemma 3.3 are satisfied. Furthermore, we have
Also note that since γ
Since we cannot have (i) in Lemma 3.3, we must have the r components, C 
Without loss of generality suppose G 1 is the majority color class; that is, e(G 1 ) ≥ e(G)/r ≥ (1 − γ) mn r and say G 1 is red. So γ 1 ≤ γ. We have that Z 1 = ∅, so first suppose x ∈ X ∩ Z 1 . So the red degree of x is bounded by |Z 1 ∩ Y | ≤ β 1/3 1 n. So x has, say blue degree at least
n. Suppose G 2 is blue and note that by (9), we have γ 1 ≤ γ 2 ≤ rγ. We have
where the last inequality holds since (11) gives
So this implies that x is a non-exceptional blue vertex and contained in a main component of G 2 , but then (13) is violated. Finally, suppose the main red components cover all of X (i.e. Z 1 ∩ X = ∅) and let y ∈ Z 1 ∩ Y . So y has no red neighbors, and thus has say blue degree at least 1−γ r−1 m. As before, clearly y is a non-exceptional blue vertex and thus contained in a main blue component. But now (12) gives the following contradiction,
where the last inequality holds since (10) gives
4 Additive minimum degree So by Lemma 3.1, a largest monochromatic, say blue, component
We begin with the following claim. Proof. First suppose x 1 ≥ |X|/2 > n/8. Either y 1 ≥ |Y |/2 and we are done, or else y 1 < |Y |/2 and every pair of vertices in X 1 has a common red neighbor in Y 2 and every vertex in Y 2 has a red neighbor in X 1 and thus we have a red component which is larger than H 1 , a contradiction. Now suppose y 1 ≥ |Y |/2. Either x 1 ≥ |X|/2 and we are done, or else x 1 < |X|/2. Now if |Y |/2 > n/4, then every pair of vertices in X 2 has a common red neighbor in Y 1 and since x 2 > |X|/2 > n/8, every vertex in Y 1 has a red neighbor in X 2 and thus we have a red component which is larger than H 1 . So suppose |Y |/2 = n/4, i.e. |Y | = |X| = n/2. In this case, x 2 > |X|/2 ≥ n/4 so every pair of vertices in Y 1 has a common red neighbor in X 2 and every vertex in X 2 has a red neighbor in Y 1 , and thus we have a red component which is larger than H 1 , a contradiction.
By the Claim, we may assume that we are done unless x 1 < |X|/2 and y 1 < |Y |/2. In particular, this implies that every pair of vertices in X 1 has a common red neighbor in Y 2 , so there is a red component H 2 covering X 1 and at least y 2 − n/8 vertices of Y 2 .
If x 1 > n/8, then every vertex in Y 2 has a red neighbor in X 1 and there is a red component larger than H 1 , a contradiction.
So suppose x 1 ≤ n/8. This implies x 2 = |X| − x 1 > n/8 and n/8 + y 1 ≥ x 1 + y 1 = |H 1 | ≥ 3n/8, which implies y 1 ≥ n/4. Since x 2 > n/8, every vertex in Y 1 has a red neighbor in X 2 . If y 1 > n/4, then every pair of vertices in X 2 has a common red neighbor in Y 1 and thus we have a red component which is larger than H 1 , a contradiction. So suppose y 1 = n/4 and further suppose that every vertex in X 2 has exactly n/8 neighbors in Y 1 (otherwise we would be done as in the previous sentence). This implies from the degree condition that [X 2 , Y 2 ] is a complete bipartite graph. If x 2 > n/4, then every pair of vertices in Y 1 has a common red neighbor in X 2 and every vertex in X 2 has a red neighbor in Y 1 , so we have a red component which is larger than H 1 , a contradiction. So suppose x 2 ≤ n/4. This implies that |Y | = n − x 1 − x 2 ≥ 5n/8 and since y 1 = n/4, we have y 2 ≥ 3n/8. Recall that the red component H 2 covers X 1 and at least y 2 − n/8 ≥ n/4 vertices of Y 2 . So if any vertex in Y 2 ∩ H 2 had a red neighbor in X 2 , then since every vertex in X 2 has exactly n/8 red neighbors in Y 1 , we have a red component on at least x 1 + 1 + y 2 − n/8 + n/8 > x 1 + y 1 = |H 1 | vertices, a contradiction. So every vertex in Y 2 ∩ H 2 only has blue neighbors in X 2 and since [X 2 , Y 2 ] is a complete bipartite graph, this implies that we have a blue component on x 2 + y 2 − n/8 ≥ x 2 + n/4 > x 1 + n/4 = x 1 + y 1 = |H 1 | vertices, a contradiction.
We close with the following problem and note that any value of α greater than 1/8 would improve the bound given in Corollary 1.9. 
